In this paper we describe all group gradings by a finite abelian group Γ of a simple Lie algebra of type G 2 over an algebraically closed field F of characteristic 0.
Introduction
In this paper we describe, up to an isomorphism, all group gradings on a simple Lie algebra L of the type G 2 over an algebraically closed field F of characteristic zero. It is well known (see, for example, [12] ) that the elements of the support of the grading in the case of a simple Lie algebra must commute, and so one may always assume that the grading group Γ is finitely generated abelian. If Γ is torsion free then it is well-known that a Cartan subalgebra H of L is contained in the identity component of the grading. In this case any root space is Γ-graded so that any graded component is the sum of the root subspaces. On the other hand, gradings by finite cyclic groups have been completely described by Victor Kac [11] (see also a very useful book [13] ). As mentioned in [13] , the so called Jordan gradings of G 2 have been determined in 1974 by A. Alekseevsky [1] .
In the case of arbitrary gradings by abelian groups, an important reference is the paper [8] where the author determines the equivalence classes of abelian group gradings of the octonions. In this paper we use the realization of L as the Lie algebra of derivations of the split octonions [9] to obtain all possible gradings of G 2 by Γ when this group is finite abelian. An independent paper is [14] where the authors also produce a list of arbitrary gradings on G 2 . Both papers use [8] , but in a rather different way, maybe thanks to a different approach to the definition of a grading in general.
Basic Facts and Notation
Given an algebra A over a field F , and a group Γ, we say that A is Γ-graded if A = γ∈Γ A γ where each A γ is a vector subspace of A and A γ A δ ⊂ A γδ , for any γ, δ ∈ Γ. A subspace (subalgebra, ideal) B of A is called graded if B = γ∈Γ (B ∩ A γ ). The set Supp A = {γ ∈ Γ | A γ = {0}} is called the support of the above grading. For any abelian group Γ we denote by Γ the group of multiplicative characters of Γ, that is, the group homomorphisms χ : Γ → F * . If F is algebraically closed of characteristic zero and Γ is finite abelian, then Γ-gradings are completely determined by Γ-actions in the sense that a subspace B of A is Γ-graded if and only if B is invariant under the action of Γ by the automorphisms of A. The action in the case of a Γ-grading is defined by setting
Conversely, if there is an action of Γ by automorphisms, we set
Note that the natural embedding of Γ in Aut A defined by this action is injective if and only if Γ is generated by Supp A. We will always assume that this condition holds for our gradings.
Two Γ-gradings A = ⊕ g∈Γ A g and A = ⊕ γ∈Γ A γ are called isomorphic if there exists an automorphism σ : Γ → Γ and an automorphism f :
We recall that the split octonion algebra over a field F can be interpreted as the set of matrices
with the product
where u × v is the standard cross product in F 3 , and (u, v) is the standard inner product (see [9] ). The derivation algebra L = Der C is the simple Lie algebra of type G 2 . Let us set e 1 = Here {ε 1 , ε 2 , ε 3 } is the standard basis in F 3 with the cross product given by ε 1 × ε 2 = −ε 2 × ε 1 = ε 3 , ε 2 × ε 3 = −ε 3 × ε 2 = ε 1 and ε 3 × ε 1 = −ε 1 × ε 3 = ε 2 and the inner product (ε i , ε j ) = δ ij , the Kronecker delta. The basis {e 1 , e 2 , u 1 , u 2 , u 3 , v 1 , v 2 , v 3 } is called standard with the multiplication table given by:
Note that 1 = e 1 + e 2 is the identity element in C.
A canonical basis of L = Der C can then be given in the following way. We recall that for any x, y ∈ C the mapping
, where x L , x R are the left and right multiplications by x in C, is a derivation of C called the inner derivation. It is well-known that all derivations of C are inner. If T is a traceless 3 × 3-matrix then the mapping
is also a derivation of C and the set of all such derivations forms a subalgebra S of L isomorphic to sl (3). It is claimed in [9, p.143 ] that the derivations
and T ∈ sl (3) span the whole of L. So we can graphically view L as the set of 4 × 4-matrices of the form
Now it is known from [9, p. 285 ] that any automorphism of L can be written in the form D → ADA −1 where A is an automorphism of C. Thus the following is true.
Proposition 1 For any grading L = γ∈Γ L γ there is exactly one grading
Two Γ-gradings of L are isomorphic if and only if there corresponding gradings of C are isomorphic.
Proof. It is obvious that if L δ is defined in the way as claimed, then we obtain a Γ-grading on L.
Now let us assume that we have a Γ-grading on L. Then Γ acts by the automorphismsχ for each χ ∈ Γ, defined byχ(x) = χ • x (see (1)). To eachχ there is an automorphism
χ . Such A χ is defined uniquely because according to [9, p.43] there is a subspace C 0 in C of codimension 1, which is invariant under L. Now if A χ induces a trivial mapping on L then by Schur's Lemma A χ is scalar on C 0 with coefficient λ. Recall that C 0 is the subspace of the octonions
So we must have λ = 1. In this case the mapping χ → A χ ∈ Aut C is a group homomorphism. It follows that there is a grading by Γ on C. But D ∈ L γ if and only ifχ(
and so D(z) has degree δγ.
Now if two Γ-gradings of C are isomorphic by means of an automorphism
A ∈ Aut C and σ ∈ Aut Γ the obviously the respective gradings of L are isomorphic by f :
and the same σ. Actually, as shown just above, since an isomorphism f of L uniquely defines A f ∈ Aut C, the converse is also true.
2
As a result, if we know all group gradings on the octonions, up to isomorphism, then using Proposition 1, we can completely describe all group gradings on L, up to isomorphism.
Gradings on octonions
In [8] the author obtains a full description of equivalence classes of gradings on C. In that paper two gradings A = ⊕ g∈Γ A g = ⊕ h∈Λ A h by finite groups Γ and Λ of an algebra A are said to be equivalent if there is an automorphism ϕ of A such that for any g ∈ Γ with A g = 0 there is an h ∈ Λ with ϕ(A g ) = A h . It may happen that two equivalent gradings correspond to non-isomorphic groups Λ and Γ. In other words, the same decomposition as a direct sum of subspaces may give gradings by non-isomorphic groups.
In this paper we are mainly interested in the description of group gradings on G 2 up to an isomorphism. In order to apply Proposition 1, we need to know the description of all gradings on the octonions up to an isomorphism of this kind. The following restatement of Theorem 8 from [8] provides us with a full description of group gradings on C up to isomorphism.
Theorem 1 Let Γ be a finite Abelian group, and C = ⊕ g∈Γ C g be a Γ-grading of the split octonion algebra C. Then, as a Γ-graded algebra, C is isomorphic to one of the following:
where h ∈ Γ is an arbitrary element of order 2, g ∈ Γ is an arbitrary element of order > 2, and all elements {e, g, g
where g, h ∈ Γ are of order > 2, and all elements {e, g, h, gh, g
Type 7. C = C e ⊕ C g where g ∈ Γ is an arbitrary element of order 2, Γ = Z 2 . Moreover, C e = F e 1 + F e 2 + F u 1 
Proof. In the case when Γ contains at least one element of order strictly greater than 2, the proof is completely the same as the proof of Theorem 8 from [8] . Therefore, we can assume that there are no elements in Γ of order greater than 2. According to [8] , the following cases may occur. Case 1. Let Supp Γ be generated by one element of order 2. We denote this element by g. It follows from [8] that the grading of C by Γ takes the following form: C e = H, a quaternion subalgebra, and C g = Hx where x ∈ H ⊥ such n(x) = 0 where n is the quadratic form on C (see [10] ). Next we want to show that all such gradings are indeed isomorphic. Since n(x) = 0, normalizing x (if necessary), we can actually assume that n(x) = −1. Further, we choose a basis of H of the form {1, v, w, vw} such that v 2 = w 2 = 1. Since x ∈ H ⊥ , we have that x ∈ (F 1) ⊥ , and, as a consequence,x = −x and x 2 = 1. Moreover, for any h ∈ H, n(x, h) = 0 where n(x, h) = n(x + h) − n(x) − n(h). Due to the relation n(x) = xx, the latter is equivalent to hx = −xh. If t denote any element from the set {v, w, vw}, thent = −t. Therefore, tx = −xt whenever t is in {v, w, vw}. Since C = H ⊕Hx, we have that {1, v, w, vw, x, vx, wx, (vw)x} is a basis of C. Next we look at the multiplication table of this basis. Namely, (vx)(wx) = −(xv)(wx) = −x(vw)x = (vw)x 2 = vw, (vx)(vx) = −(xv)(vx) = −x(vv)x = −1, (wx)(wx) = −(xw)(wx) = −x(ww)x = −1,
In the same way one can easily find all the remaining products. As a consequence, the multiplication table for this basis remains the same no matter what x ∈ H ⊥ with n(x) = 0 is initially fixed. Finally, if
where H, H ′ are two quaternion subalgebras and x ∈ H ⊥ , x ′ ∈ H ′⊥ with n(x) = 0, n(x ′ ) = 0, then we can fix bases defined above for both H and H ′ . These bases can be extended to the bases of C with the same multiplication tables. Clearly, the mapping that sends each element of the first basis to the corresponding element of the second basis is in fact a graded automorphism of C, therefore, the first grading is isomorphic to the second. In particular, any such grading is isomorphic to the grading of type 7.
Case 2. Let Supp Γ be generated by two elements of order 2. We denote these elements by g and h, respectively. It follows from [8] that the grading of C by Γ takes the following form: C e = K, a two-dimensional composition algebra,
⊥ with n(x) = 0, n(y) = 0. Using the same strategy as in case 1, we can fix a basis of K of the form: {1, v} where v 2 = 1, and, then, extend this basis to a basis of C as follows: {1, v, x, vx, y, vy, xy, (vx)y}. For the same reason as above, the multiplication table of this basis does not depend on the choice of x and y. Any two gradings in this case are isomorphic, and, in particular, can be reduced to the grading of type 8.
Case 3. Let Supp Γ be generated by three elements of order 2. We denote these elements by g, h and k, respectively. It follows from [8] that the grading of C by Γ takes the following form:
⊥ and z ∈ (F 1 + F x + F y + F xy) ⊥ with n(x) = 0, n(y) = 0 and n(z) = 0. In the same way as above, we can show that the multiplication table that corresponds to the basis of C of the form: {1, x, y, z, xy, yz, xz, (xy)z} does not depend on the choice of x, y and z. Any two gradings in this case are also isomorphic, and, in particular, can be reduced to the grading of type 9. The proof is complete. 2
Elementary Gradings of G 2
Almost all gradings of C, as described in Theorem 1, are such that the subspace Span {e 1 , e 2 } is in the identity component. In all these cases the subspaces U and V of C are also graded. Actually, each u i , v j is homogeneous and 
, for all i = j and d T ∈ L e if T is diagonal. So we have a grading on sl(3) isomorphic to a restriction of an elementary grading of M 3 ∼ = U ⊗ U * defined by the 3-tuple (γ 1 , γ 2 , γ 3 ) (see [2] ). So the tuple (γ 1 , γ 2 , γ 3 ) completely defines the Γ-grading of L in the case of elementary gradings. Based on Theorem 1, we are able to list all gradings on L induced by Γ-gradings on the octonions of Types 1-8.
Gradings of Type 1
In this case
Thus we have an elementary Γ-grading on L given by the tuple (g, g −1 h, h), where h ∈ Γ is an arbitrary element of order 2, g ∈ Γ is an arbitrary element of order > 2, and all elements {e, g, g −1 , h, gh, g −1 h} are different.
Gradings of Type 2
In this case,
Then the corresponding elementary grading on L is given by the tuple (g, h, g −1 h −1 ), where g, h ∈ Γ are of order > 2, and all elements {e, g, h, gh, g
Gradings of Type 3
We have that
, where h ∈ Γ is an arbitrary element of order > 4.
Gradings of Type 4
In this case, U e = F u 1 , U g = F u 2 , U g −1 = F u 3 . This induces an elementary Γ-grading defined by the tuple (e, g, g −1 ), where g ∈ Γ is an arbitrary element of order > 2.
Gradings of Type 5
In this case, U g = F u 1 + F u 2 + F u 3 . This induces an elementary grading defined by the tuple (g, g, g), where g ∈ Γ is an arbitrary element of order 3.
Gradings of Type 6
We have that U g = F u 1 + F u 2 , U g 2 = F u 3 . Then an elementary Γ-grading on L is given by (g, g, g 2 ), where g ∈ G is an arbitrary element of order 4.
Gradings of Type 7
Here, U e = F u 1 , U g = F u 2 + F u 3 . Then, an elementary Γ-grading on L is given by (e, g, g), where g ∈ G is an arbitrary element of order 2.
Gradings of Type 8
In this case, U g = F u 1 , U h = F u 2 , U gh = F u 3 . An elementary Γ-grading on L is given by (g, h, gh), where g, h ∈ Γ, g = h are arbitrary elements of order 2.
5 Non-elementary gradings of G 2
In the case of a Γ-grading of the Type 9, the grading on C is obtained by applying the "Cayley -Dickson" process to the composition algebra F . As a result, up to isomorphism, any grading is isomorphic to the following:
Gradings of Type 9
For this grading all components of C are one-dimensional. None of U, V , or S ∼ = sl (3) are Γ-graded. An immediate verification says that L e = {0} and the other components of the Γ-grading of L are given by 
